A digital shaper for high-count-rate detection and amplitude measurement of pulses is proposed and analysed in this paper. The proposed shaper converts pulses with a short leading edge and a long exponential tail into a true Gaussian form. The width of Gaussian pulses can be several times smaller than the rise time of the input pulses, i.e. considerably shorter than the undistorted output pulses provided by standard shapers. Therefore, the proposed true Gaussian shaper resolves strongly overlapped pulses better and provides a higher output count rate. The capabilities of the proposed true Gaussian shaper are analysed with real and simulated output signals of a silicon drift detector of soft X-ray radiation, operating at a high count rate of the collected quanta. Our analysis shows that true Gaussian shapers can increase the count rate of spectrometer systems several times compared with the widely used trapezoidal shapers, while maintaining their amplitude resolution.
Introduction
The shaping of output pulses from detectors operating in count mode is widely used to resolve overlapped detector pulses and improve their energy resolution. The shaping shapers.
The measured impulse response allows for calculation of the transmission function of true Gaussian shapers, presented in Section 3, for output Gaussian pulses of different widths (T s ). The shaper exhibited a very strong suppression of signals at frequencies higher than 1/T s for pulse widths T s << τ r . This is the strongly suppressed transmission characteristic at high frequencies that provides the short true Gaussian pulses in the shaper output. Gaussian pulses are compared with the output pulses of trapezoidal shapers in Section 4. Trapezoidal pulses keep a symmetrical and undistorted form when their width T s >> τ r . Distortions in these short trapezoidal pulses restrict the output count rate of spectrometer systems.
The amplification of detector noise in true Gaussian and trapezoidal shapers is analysed in Section 5 while taking into account the measured noise spectrum of the KETEK system. The dead times of true Gaussian and trapezoidal shapers are calculated in Section 6. For large pulse widths, the calculated dead time coincided with the peaking plus flat top times of trapezoidal shapers. The concept of resolving time is introduced in Section 7 to specify the shortest time interval between two overlapped pulses when their inferred and actual amplitudes differ less than the output shaper noise. The dead and resolving times, along with the amplitude measurement errors, are given in the aforementioned section as a function of the width of the shaped pulses.
The output count rate and energy resolution of the KETEK spectrometer with the true Gaussian and trapezoidal shapers are calculated in Section 8 for a wide range of input count rates. The effects of amplitude variations in the shaped pulses with charge collection times in the SDD sensor are analysed in Section 9 for the KETEK spectrometer and a fast SDD with a larger sensor area. The design of a true trapezoidal shaper is discussed in Section 10. The results of this work are summarised in Section 11. 3 
Detector impulse response and noise
A true Gaussian shaper is specified by its transmission function, which is the ratio of the Fourier transforms of the output and input pulses. The proposed shaper should always be designed for the actual impulse response of the employed detector for a single quantum, whereas standard shaper are designed for ideal input pulses with zero rise time [3, 4] . Therefore, the proposed shaper is analysed with both actual and ideal input pulses to compare it with standard shapers. The characteristics of the actual detector impulse response and its approximations are considered below.
An AXAS-D spectrometer [5] with a silicon drift detector of standard class H7 VITUS [6] made by KETEK GmbH was selected for testing and verifying the proposed shaper.
The sensitive area of the detector was 7 mm 2 . The system was developed for spectral measurements of soft X-ray radiation at output count rates up to 3 · 10 5 s −1 at an energy resolution of 139 eV at FWHM for a photon energy of 5895 eV. The analogue output of the AXAS-D system was used as the input of the tested shapers. The analogue impulse response on a single quantum was measured while using a 55 F e radiation source emitting ≈ 10 4 photons with an energy of 5895 eV per second on the detector area. Approximately 4000 pulses from these photons were digitized by a custom built ADC with a resolution of 12 bits and a sampling rate of 50 MHz. The passband of the digitizer ranged from 0 to 25 MHz with a signal amplitude damping of ω −3 outside the band.
The normalized response of the KETEK system, hereafter referred to as S R pulse, is shown in Fig. 1a by a black solid curve. The pulse was interpolated at a sampling period of 2 ns and with an amplitude accuracy of 0.08 % by averaging the recorded pulses after fine synchronisation of their leading edges. The FWHM of the pulse is 4.6 µs. The rise time between 0.1 and 0.9 of the pulse amplitude was measured to be 203 ns. The tail of the pulse after scaling by a factor of 100 (plotted in the figure with a dark green dashed curve at t > 10 4 ns) shows an undershoot of 0.2 %.
The collection times of the electron clouds created by photon impacts in the H7 absorption layer [7, 8] were estimated to be under 6 ns (see Section 9) . They are consid-erably less than the rise time of ≈200 ns of the detector response determined using filters of the AXAS-D preamplifier. Therefore, the rise time is slightly affected by variations in the charge collection time. Estimated experimental variations of the rise time of the impulse response of 5895 eV photons were ≈10 ns and were fully accounted for the noise of the KETEK spectrometer. Small rise time variations of ≈2 ns were measured by the KETEK spectrometer by collecting high-energy 100-keV photons from the high temperature plasma of the FT-2 tokamak [9] . These variations were also accounted for when determining the preamplifier noise. The amplitude variations of the shaped pulses with the charge collection time of the H7 detector and for SDDs with a larger sensor area are analysed in Section 9.
Two analytical approximations of the impulse response (S R ) are also shown in the 5 aforementioned figure. The simplest approximation of the pulse S 1 = A 1 · exp(−t/τ t ) with zero rise time and an exponentially decaying tail, τ t =5.95 µs, is shown in Fig. 1a by a blue dashed curve. The exponential pulse can be converted with standard digital shapers [3, 4] to a symmetrical output pulse of trapezoidal, cusp, or pseudo-Gaussian forms. Trapezoidal shapers are known for having the lowest delta noise [10] and for their unbiased amplitude measurements of overlapped pulses. Therefore, they are widely used in detection systems, and are thus compared with true Gaussian shapers in the paper in terms of count rate, resolution, and biasing of pulse amplitude measurements.
A more accurate approximation is one that takes into account a finite rise time of the impulse response, but assumes instant charge collection from the electron clouds in the SDD sensor layer:
The leading edge front time τ f =0.10 µs was determined by the integration time of the RC-CR filter of the pre-amplifier in the SDD output [11] , which forms the impulse response of the KETEK spectrometer. The S 2 form is very close to the measured pulse, as shown in the aforementioned figure by a red dashed-dotted curve which shows the difference between the approximated and real pulses,
The most important difference between these pulses happens in first 50 ns after their start. The nonlinear growth of the S R pulse is related to the finite charge collection time of electron clouds by the SDD anode and integration of the anode pulse by the reset pre-amplifier shown in Fig. 11 .
Fourier spectra of the S R pulse and its approximations are plotted in Fig. 1b . The spectrum of the first approximation,
, is shown by a blue dashed curve, and it can be seen that it decays slowly with frequency as ω −1 . The second approximation,
shown by a red dashed-dotted curve, and it provides a higher suppression of the output signals at frequencies ω > 1/τ f .
The response spectrum, F R , is presented by a black solid curve. It is significantly damped above f c ≈8 MHz compared with the spectra of the approximations. This difference underlies in the restriction of the output pulse widths of standard shapers, as will be 6 shown further on.
The noise spectrum in the output of the detector system is shown by a green thick dashed curve. The noise was measured as the voltage variations of the ADC output for a bandwidth of 25 MHz during a time interval of 15 ms when the detector was in darkness.
The standard deviation of the electronic noise was estimated to be approximately 55 eV.
The amplitude of the noise spectrum decays with ω −3 for frequencies above the cut-off frequency, f c =8 MHz. The signal spectrum F R under the noise level in the high-frequency band was measured by averaging many response pulses.
The measured parameters of the KETEK spectrometer impulse response were used for the design of a true Gaussian shaper of a given pulse width.
True Gaussian shaper of detector pulses
Trapezoidal, cusp, and pseudo-Gaussian standard shapers [3, 4] are designed for shaping pulses with an exponentially decaying tail and a very short rise time τ r , i.e. pulses of type S 1 . The shaped pulses get an asymmetrical form when the shaping width approaches the rise time τ r of the input pulse. The actual width of the output shaped pulses is restricted by the rise time of the input pulses, as will be shown in Sections 4 and 5.
The amplitude spectra of input pulses with longer rise times (τ r ≈ T s ) decay with ω −2 for frequencies above 1/τ f , as shown in Fig. 1b . The spectra of pulses with an ideal trapezoidal or cusp forms also decay above their characteristic frequency with ω −2 .
Therefore, the damped spectra of the input pulses significantly affect the shape and width of the output pulses when the inverse rise time is close to the characteristic frequency of the shaper. In other words, the output pulses get wider and more distorted when the rise time approaches the characteristic width to be provided by the shaper. Indeed, the symmetrical output pulses of standard shapers are much wider than the rise time of the input pulse, as illustrated in Section 4.
The cause of this restriction is the slow decaying spectra of ideally shaped pulses in the high-frequency band ω > 1/τ f . Short-shaped pulses are possible if their spectra are less affected by the damped spectra of the input pulses in this band. This requirement is best satisfied in true Gaussian pulses, S G = exp(−(t/τ G ) 2 /2), having a spectral amplitude with a Gaussian form:
The transmission function of the true Gaussian shaper is defined as the ratio of the Fourier transforms of the output Gaussian and input S R pulses:
Here, T s is the width of the Gaussian pulse at FWHM. The transmission function is calculated for the Gaussian pulse with an amplitude equal to that of the input pulse and 
The shaper transmission function K G (ω, T s ) must have the same length as the spectrum of the signal. For that matter, the impulse response S R is expanded to a length of N D using an exponential approximation of its tail.
The shaping procedure uses three fast Fourier transforms, whose total computational
. This complexity is reduced by one third for repeating measurement intervals of the same length.
The impulse response function H G (t, T s ) of the shaper or its FIR filter kernel can be truncated to a time region of several times the width T s around its maximum (see with the use of a 30-term kernel. The optimal convolution to a true Gaussian shape is a special issue, which should be addressed in another paper. In this work, the inverse Fourier transform was employed for accurate analysis of the true Gaussian shaper with actual recorded and simulated signals of the detection system.
Forms of the shaped pulses
Output pulses of the true Gaussian and trapezoidal shapers are presented in Fig. 3a and b for the response pulses of the AXAS-D pre-amplifier, plotted in the figure by black dashed curves. The trapezoidal output was calculated with a recursive algorithm which converts an exponential pulse into a symmetrical trapezoidal form [4] . The output signal of the shaper was formed as subtractions of the properly delayed and scaled digitized input signal. The shaper converts a signal with an infinite exponential tail into a symmetrical trapezoidal pulse with gain M, determined by the time constant of the input pulse tail and the sampling period; see (5) in [4] for more information. The trapezoidal pulse was normalized so that its amplitude equalled that of the input S R pulse. The conversion of S R pulses with an undershoot and not exactly an exponential tail results in an asymmetrical output trapezoidal pulse which is followed by an undershot decaying tail. One can improve the form of the output tail by changing the gain coefficient M in the algorithm (see, for example, [12] ) but the tail cannot be completely eliminated.
Further in the paper, the trapezoidal algorithm is applied with the gain value calculated for the exponential tail of the S 1 approximation of the detector impulse response. The peaking and flat top times of this shaper are as follow:
The second trapezoidal pulse is set to a rectangular-like form with short 40-ns fronts and a long 1560-ns flat top and the same FWHM. The actual output pulse has curved leading and falling edges which are considerably distorted from a pure trapezoidal form.
The output noise of this shaper was three times higher than the noise levels of the two previous ones.
A Gaussian output pulse of 0.08 µs at FWHM is shown in Fig. 3b This undershoot tail does not affect pulse amplitude measurements at low count rates, but should be taken into account for high count rate operation of the spectrometer, as discussed in Section 8.
Noise factor of shapers
Amplification of noise in a shaper is determined by its transmission function. The noise factor of shapers is defined as the ratio of the standard deviations of the output and input electronic noise measured in volts when the spectrometer is in darkness. The voltage standard deviation is expressed in photon energy by using a scale factor determined during calibration. The standard deviation of the output noise of the KETEK spectrometer, as noted earlier, is 55 eV. The spectrum of this noise compared with the spectrum of the impulse response to a photon with 5895 eV is shown in Fig. 1b .
The noise spectrum of output shaped pulses is the transmission function of the shaper (1) times the input noise spectrum.
Thus, the noise factor of the the shaper explicitly depends on the width of the shaped pulse T S R.
The output noise of the Gaussian shaper was calculated as the inverse Fourier transform of the output noise spectrum (4) . The output noise of the trapezoidal shapers is calculated from the same input noise with the use of the recursive algorithm [4] applied to generate trapezoidal response of a given pulse width from the input signal.
The noise factors of the shapers for the S R pulse and its two approximations are plotted in Fig. 4 versus the FWHM of the shaped pulses. The FWHM of distorted trapezoidal pulses were measured but not calculated from the set peaking and flat top times.
True Gaussian and Gaussian-like trapezoidal shapers exhibit the same noise factors 14 The width of the trapezoidal output pulses converted from the S R pulses is also limited to 100 ns at FWHM as for the S 2 input pulses, but their form is even more distorted.
True Gaussian shapers provide shorter symmetrical pulses, although at a higher noise factor, as shown by the red solid curve in Fig. 4 . The noise factor of the trapezoidal
shaper is plotted by red bottom-up triangles.
Thus, the true Gaussian shaper provides symmetrical output pulses which are much shorter than the rise time of the input pulse and, therefore, more advantageous for the detection of strongly overlapped input pulses. The noise factor of the shaper depends strongly on the form of the input pulse and the noise spectrum of the detector, which can restrict possible settings of the shaper. The detection capabilities of true Gaussian shapers are analysed in the following sections of this paper.
Dead time of true Gaussian shapers
The detection of closely overlapped photons and the maximal output count rate of the spectrometer is determined by its dead time [11, 13, 14, 15] This biasing limits the application of trapezoidal shapers with KETEK-like response pulses for dead times larger than ≈1 µs.
On the contrary, true Gaussian shaping results in lower and equal biasing amplitudes for two short pulses separated by the dead time, as shown in the plot by the red curve with cross marks. For larger widths, the inferred amplitudes of two closely overlapped Gaussian pulses become strongly biased.
The advantageous capabilities of the true Gaussian shapers of detection of very close pulses allows a considerable increase of the maximal output count rate of pulse processing, as will be shown in the next sections. Very shot true Gaussian pulses can be employed for pulse detection at poor amplitude resolution in the fast channel of the spectrometer [14, 15] . The found dead time interval is used for rejection too close pulses. The remained pulses are used for the pile-up of true Gaussian pulses measured in slow channels at a higher amplitude resolution.
Resolving time of true Gaussian shapers
Accurate measurements of the pulse amplitudes of both trapezoidal and Gaussian pulses in terms of amplitude error and bias require a time lag between the pair somewhat larger than the dead time. We hereby define as resolving time the smallest time interval between two detected subsequent pulses when Fig. 6 ). True Gaussian shaping reduces this limit below 100 ns and significantly increases the output count rate of the KETEK spectrometer.
Detection of pulses at a high count rate
The true Gaussian and trapezoidal shapers should be compared at high count rate operation, but the available radiation source 55 F e could not provide a photon flux of the required intensity of ≈ 10 7 photons per second on the detector area. Therefore, detector signals at high photon fluxes were simulated using the characteristics of the KETEK system measured at lower count rates of ≈ 10 4 1/s. of the output shaper noise.
A true Gaussian shaper with output pulses of 60 ns was served as a fast channel for pile-up selection of peaks detected in slow channels of the Gaussian and trapezoidal shapers, as described in [10, 15] .
The peaks detected in the slow channels were tested one by one for the time intervals to their closest preceding and successive neighbors found in the fast channel. The peaks separated less than the resolving time were removed from the counted set. The preceding and successive resolving times were applied for the pile-up selection of trapezoidal pulses.
The peaks selected in the counted set will be hereafter referred to as the resolved peaks.
The output count rate, energy resolution and biasing were calculated for 1000 input pulses. Therefore, the simulated data have some spread about their mean values.
The count rates of the resolved peaks for small and large shaping widths are shown in two plots in Fig. 7 for the true Gaussian and trapezoidal shapers. The output rates fit well to the theoretical expression C out = C in · exp(−2C in · τ R ) [11, 14] , where C out and C in are the output and input count rates, respectively, and τ R is the resolving time per second, which is more than three times higher than that calculated for the trapezoidal shapers and ten times higher the maximal rate specified by the manufacturer [6] . The highest output count rate, > 4 · 10 6 counts per second, was achieved with Gaussian The spectral resolution of the resolved pulse amplitudes is shown in Fig. 8 . The data are also restricted by the maximal output count rate and the curves are marked in the same way as in Fig. 7 . The resolution is expressed in terms of the FWHM of the spectral peak around the mean photon energy of 5895 eV.
The resolutions of the both types of shapers providing long shaped pulses are in the range of the technical specifications of the tested system. At higher rates the resolution of the true Gaussian and trapezoidal shapers of the same pulse widths are similar for count rates lower than the maximal output rate of the trapezoidal shapers. The calculated resolution and output count rate of all trapezoidal shapers presented in the Section correspond well to those of a fast SDD spectrometer developed by AMPTEK [15] . The inferred amplitudes can be biased from the mean amplitude of the input pulses.
The biased amplitudes of the shaped signals for the true Gaussian and trapezoidal shapers are shown in Fig. 9 . True Gaussian shaping provides a much lower bias of the resolved pules than trapezoidal shaping.
The large negative biasing amplitudes of trapezoidal pulses are caused by the accumulation of long undershoot tails of many pulses. These undershoots come from a 0.2 % undershoot of the S R pulse, as shown in Fig. 1a . The undershoot of this pulse is not perfectly cancelled with the pole-zero circuit of the preamplifier [11] . The further cancellation was done with a digital reversed pole-zero circuit which was found to significantly reduce the tail of the KETEK spectrometer impulse response, as shown in Fig. 10 . The measured undershoot tail is shown by a solid black curve. The output tail after the digital cancellation filter is plotted by a dashed-dotted red curve. The tails of the trapezoidal pulses converted from the measured and filtered S R pulses are plotted in dashed blue and dotted magenta curves, respectively. The cancellation filter allows for a reduction of biasing in the trapezoidal amplitudes down to the biasing of Gaussian pulses, as shown in Fig. 9 , and does not change other characteristics of the trapezoidal shapers. Note that the pole-zero cancellation does not affect the biasing in closely overlapped trapezoidal pulses considered in Section 6 and shown in Fig. 5c .
Variations in the amplitudes of shaped pulses
An impact photon creates an electron cloud in the sensor layer of the SDD. The cloud drifts in the electric field to the SDD anode, expending in size. Therefore, the charge collection time of the cloud depends on the distance between the anode and the impact point [7, 18] . Thus, distribution of collected photons across a large detector area can result in the ballistic deficit of shaped pulses, i.e. variations of their amplitudes with the charge collection time. The amplitude variations of the shaped pulses were analysed by means of the following model. First, the charge collection time is estimated with the use of [7] for the KETEK H7 SDD in terms of the rms widths of the anode current pulses τ C . These pulses are integrated by a reset preamplifier, as shown in Fig. 11 , which converts them to step-wise voltage signals. The rise time of these signals is determined by the charge collection time, and their amplitude is proportional to the photon energy used. The step-wise signals are 25 shaped by means of an RC-CR filter connected to the output of the reset preamplifier, as shown in Fig. 11 . Thus, the amplitude variations of short true Gaussian pulses can be neglected when compared with the energy resolution of the KETEK spectrometer. The variations of the short trapezoidal pulses are much larger and therefore the energy resolution of the spectrometers operating with short pulses at high count rates can be reduced.
The amplitude variations might be higher in SDDs with a larger area. The variations in charge collection time in an AMPTEK XR100-SDD [19] , estimated in a similar way [7] , amounted to ≈ 20 ns. This value corresponds to direct measurements carried out in [18] . Normalized amplitude variations calculated for this detector at integration times of 100 ns and 300 ns are shown in Fig. 14. Larger variations of the charge collection time in the XR100 SDD result in higher variations of the shaped pulse amplitudes. At short pulse widths, the variations exceed the energy resolution of the detection system. True
Gaussian shapers provide the smallest variations at high count rates.
Discussion
The symmetrical form of true Gaussian pulses is one of the factors which enable a high count rate when using them. One can try to design a true trapezoidal shaper in a similar way, i.e. with the use of a transmission function found as the ratio of Fourier transforms of the output trapezoidal and input pulses. Such a trapezoidal shaper was developed for scintillator pulses with a short rising time [20, 21] .
The spectrum of a symmetrical trapezoidal pulse is much wider than that of a Gaussian pulse of the same width and decays slowly in the high frequency band: F trap = 4/(ω 2 T ) sin(ω(τ p + T )/2)sin(ω T /2) ≈ 4/(ω 2 T ). Here, τ p is the peaking time of the pulse and T is its flat top duration. The amplification of the shaper at high frequencies f ≥ 1/τ p must be high enough to form a true trapezoidal pulse of a width less than the rise time of the input pulse. In this case, the shaper transmission has little slope or is not even damped at high frequencies, resulting high output noise. The same conclusion holds true for cusp-like and pseudo-Gaussian shapers. They use parabolic approximations of the output pulse form, in which the Fourier spectra decays with ω −3 . The large noise factors of standard shapers with output pulses of true forms limit their application in spectrometers at high count rates.
Conclusion
A new digital true Gaussian shaper for the detection of pulses at high count rates has been proposed in this paper. The shaper was analysed for the impulse response of an AXAS-D system with a H7 VITUS SDD, made by KETEK GmbH, in terms of noise factor, dead and resolving times, energy resolution and output count rate of the measurements. The analysis employed numerical models based on calibrations and measured characteristics of the KETEK spectrometer. The main advantages of the proposed true Gaussian shaper compared with standard shapers are as follows:
1. the width of symmetrical output pulses of the Gaussian shapers can be reduced well below the rise time of the input pulse to overcome the minimal width of output of standards shapers, 2. short Gaussian pulses allow detection and accurate measurements of amplitudes of strongly overlapped input pulses, 3. true Gaussian shapers provide a significant increase of the output count rate of SDD spectrometers while maintaining their energy resolution.
Amplitude variations of Gaussian pulses with charge collection time of electron
clouds by the SDD anode are less or similar to those provided by standard shapers.
